We determine, up to isomorphism, the number of abstract regular polyhedra whose automorphism group is a Suzuki simple group Sz(q) with q an odd power of 2.
Introduction
In [5] , Leemans and Vauthier built an atlas of abstract regular polytopes for small groups. The groups Sz (8) and Aut(Sz(8)) = Sz(8) : 3 were among the groups analysed. It turns out that Sz (8) has seven polytopes, all of rank three and that Aut(Sz (8) ) has no polytopes.
In [3] , Leemans proved that if G = Sz(q) with q = 2 an odd power of 2, then all the abstract regular polytopes having G as automorphism group are of rank three (and there exists at least one such polytope for each value of q). Moreover, if Sz(q) < G ≤ Aut(Sz(q)), he showed that G is not a C-group and therefore that there cannot exist an abstract regular polytope having G as automorphism group.
In this article we determine the exact number of polyhedra on which a group Sz(q), with q = 2 2e+1 and e > 0 a positive integer, acts as a regular flag-transitive automorphism group. We split our analysis in 2 parts. First we look at Sz(q) with q an odd prime power of 2. Then we look at Sz(q) with q an odd power of 2.
Observe that similar counting results, due to Sah [8] and Conder et al. [1] have been obtained for regular hypermaps on which a group of type P SL 2 (q) or P GL 2 (q) acts as a regular automorphism group. From their results, a similar counting result for the P SL 2 (q) groups on polyhedra could be obtained. We recall that, as seen in [4] , the P SL 2 (q) groups act on polytopes of rank at most 4 and that there are only two polytopes of rank 4 having a P SL 2 (q) as flag-transitive regular automorphism group. They are Grünbaum 11-cells (for q = 11) and Coxeter 57 cells (for q = 19).
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The Suzuki simple groups and their elements
We refer to the definition of the Suzuki groups as given in [6] . The lemmas of this section are all proven in [6] too.
Let K be a field of characteristic 2 with | K |> 2. Let σ be an automorphism of K such that x σ 2 = x 2 for each x in K. Let B be the 3-dimensional projective space over K and let (x 0 , x 1 , x 2 , x 3 ) be the coordinates of a point of B. Let E be the plane defined by the equation x 0 = 0 and put U = (0, 1, 0, 0)K.
We introduce coordinates in the affine space B E by x = . Finally, let D be the set of points of B consisting of U and all those points of B E whose coordinates (x, y, z) satisfy the equation
We denote by Sz(K, σ) the group of all projective collineations of B which leave D invariant.
The next definition will be used during the article.
Lemma 1.
• If K is isomorphic to GF (2 2e+1 ) with e ≥ 1, then K admits exactly one automorphism σ with x σ 2 = x 2 for all x in K.
• If K is isomorphic to GF (2 2e ), then K does not possess an automorphism σ with x σ 2 = x 2 for all x in K.
This theorem yields that we may write Sz(q) instead of Sz(K, σ) if K is isomorphic to GF(q) with q = 2 2e+1 . The groups Sz(q) are the Suzuki groups named after Michio Suzuki who found them in 1960. The generalizations Sz(K, σ) are due to Rimhak Ree and Jacques Tits (see for example [9] ). The set D is an ovoid. Definition 1. An ovoid is a non-empty point-set of a projective 3-space that satisfies the following three conditions.
• No three points are collinear.
• If p ∈ D, there exists a plane E of B with D ∩ E = {p}.
• If p ∈ D and if E is a plane of B with D ∩ E = {p}, then all lines l through p which are not contained in E carry a point of D distinct from p.
For a, b ∈ K, we denote by τ (a, b) the mapping defined by
The following lemma, due to Tits, will be used in a further section.
Lemma 2. Let K be a commutative field of characteristic 2 with | K |> 2 and assume that K admits an automorphism σ such that x σ 2 = x 2 for all x ∈ K. If D is the point set defined above in the projective space of dimension 3 over K, then Sz(K, σ) acts doubly transitively on D.
Let P G(3, q) be the projective space over the field GF (q) and let D be an ovoid of P G(3, q). If Π is a plane of P G(3, q) such that | Π ∩ D |> 1, then we call Π ∩ D a circle. The following lemma ensures that every circle has the same number of points, and moreover that these circles are ovals.
, then E is either a tangent plane of D or E ∩ D consists of the q + 1 points of an oval of E.
There are four numbers that play an important role in the subgroup structure of Sz(q). They are respectively q, q − 1, q + r + 1 and q − r + 1 where r = √ 2q. We note q + r + 1 = α q and q − r + 1 = β q .
3 The maximal subgroups of Sz(q)
The following table may be found in [2] . We note: m | M n when m is a proper maximal divisor of n.
Normalizer of a 2-Sylow, stabilizer of a point of the ovoid.
Stabilizer of a pair of points of the ovoid.
Normalizer of a Z αq .
Normalizer of a Z βq . Sz(2 2f +1 ) (s 2 + 1) · s 2 · (s − 1) with 2f + 1 | M 2e + 1 4 Abstract regular polytopes and string C-groups Thin regular residually connected geometries with a linear diagram, abstract polytopes and string C-groups are the same mathematical objects. The link between these objects may be found for instance in [7] . We take here the viewpoint of string C-groups because it is the easiest and the most efficient one to define abstract regular polytopes.
As defined for instance in [7] , a C-group is a group G generated by pairwise distinct involutions ρ 0 , . . . , ρ n−1 which satisfy the following property, called the intersection property.
is a string C-group if its generators satisfy the following relations.
(
Suzuki groups and polytopes
In [3] the following result is proven:
) with q = 2 2e+1 and e > 0 a positive integer. Then G is a C-group if and only if
We may translate this theorem in abstract regular polytopes theory. It means that
• if Sz(q) < G ≤ Aut(Sz(q)), then G is not the automorphism group of an abstract regular polytope;
• if G = Sz(q), there exists an abstract regular polytope P such that G = Aut(P). Moreover, if P is an abstract regular polytope such that G = Aut(P), then P must be an abstract polyhedron, i.e. a rank three polytope.
As we have seen in section 4, polytopes and string C-groups can be considered as the same objects. So to count the number of polytopes up to isomorphism for a given Suzuki group, we have to count the number of triples of involutions
The following lemma is given without proof since it is well known and easy to prove.
Lemma 4.
In Sz(q), there are (q 2 + 1)(q − 1) involutions which are all pairwise conjugate.
Counting the number of polytopes up to isomorphism for a given Suzuki group
We have to count the number of triples of involutions {ρ 0 , ρ 1 , ρ 2 } up to isomorphism in Sz(q) such that (ρ 0 ρ 2 ) 2 = 1 Sz(q) and ρ 0 , ρ 1 , ρ 2 = Sz(q).
To do this, we count the number of ordered triples of involutions [ρ 0 , ρ 1 , ρ 2 ]. This is done in 3 steps. In the first step, we count the number of possibilities of choosing ρ 0 , up to isomorphism.
In the second step we fix ρ 0 and look at the number of possibilities of choosing an ordered pair of involutions [ρ 0 , ρ 2 ], where ρ 2 has to commute with ρ 0 . In the last step we suppose ρ 0 and ρ 2 to be fixed and we count the number of possibilities left to choose ρ 1 , to obtain an ordered triple of involutions [ρ 0 , ρ 1 , ρ 2 ] satisfying the given properties.
STEP 1 We look at the number of possibilities of choosing the first involution ρ 0 . Since all the involutions are conjugate, as stated in Lemma 4, all the possible choices for ρ 0 are isomorphic. So there is in fact only one possibility of choosing ρ 0 up to isomorphism.
STEP 2
We count the possibilities of choosing an involution ρ 2 , by supposing ρ 0 fixed. Since ρ 2 commutes with ρ 0 , ρ 2 ∈ C G (ρ 0 ) and we have
In fact the involutions that commute with ρ 0 are exactly the involutions that are conjugate to ρ 0 in C G (ρ 0 ). Obviously, in C G (ρ 0 ), there are q − 1 involutions, namely ρ 0 and q − 2 others. All of the q − 1 involutions are in a subgroup of Sz(q) isomorphic to AGL(1, q). In fact, all the involutions may be seen as translations of AGL(1, q). In Sz(q), the stabilizer of ρ 0 fixes all the involutions of the centralizer, as the AGL(1, q) subgroup does. So, up to conjugacy, there are q − 2 ordered pairs [ρ 0 , ρ 2 ] of commuting involutions in Sz(q). We now look at the action of Aut(G) = G : C 2e+1 (where C 2e+1 is a cyclic group of order 2e + 1) on these involutions. It amounts to look at the action of Aut(AGL(1, q)) = AGL(1, q) : C 2e+1 on the involutions.
Elements of AGL(1, q) can be written as follows :
The involutions are the α(1, b) with b = 0, i.e. the translations of the affine line AGL(1, q).
Without loss of generality we may suppose
with b = 1. There are q − 2 possibilities for choosing b.
In Aut(AGL (1, q) ), what is added is the set of field automorphisms, i.e.
We may rewrite the elements of GF (q) as 0, 1, i, i 2 , . . . , i q−2 with i q−1 = 1, i = 1. Then σ n fixes 0 and 1 for each n. Of course, one needs to impose conditions on n for σ n to be an automorphism. For x, y ∈ GF (q) we have:
n + nx n−1 y + · · · + nxy n−1 + y n but we also want:
Since K is a field of characteristic 2, the only values of n that give automorphisms are when n = 2 m with m = 0, · · · , 2e. In other words, there are exactly 2e + 1 different outer automorphisms.
As we have already stated before, the involutions in AGL(1, q) are the translations, i.e. the applications α a : AGL(1, q) → AGL(1, q) : x → x + a with a ∈ AGL(1, q) and a = 0. We look at the action of Aut(AGL (1, q) ) on the set of involutions α a , i.e. (Aut (AGL(1, q)) , Ω = {α a | a ∈ GF (q) * }). We want to know how many orbits of ordered pairs of involutions [α a , α b ], with α a , α b ∈ Ω, there are under the action of Aut (AGL(1, q) ). Since Aut (AGL(1, q) ) is transitive on Ω, there is a unique choice for α a (which confirms the fact that there is a unique choice for ρ 0 ). We may assume a = 1. Take H = Aut(AGL (1, q) 
So the outer automorphisms of GF (q) are under control and there are exactly 2e+ 1 of them. We now study their action on the involutions of AGL(1, q).
We have to divide this study in two cases: the case where 2e + 1 is a prime and the case where 2e + 1 is not a prime. 
STEP 3
What is missing now,is the number of possibilities for choosing ρ 1 . We have already seen that there are q −1 involutions of Sz(q) in C Sz(q) (ρ 0 ). So there are q 2 (q −1) involutions in Sz(q) that are non-commuting with ρ 0 . We look at the number of possibilities for choosing ρ 1 , once ρ 0 and ρ 2 are fixed, i.e. we take the permutation group (Aut (AGL(1, q) , ∆) where ∆ is the set of the (q 2 + 1)(q − 1) involutions of Sz(q).
Step 2 gives us that
The orbits of I are thus the following:
• q − 1 orbits of length 1, namely {ρ} such that ρ ∈ C Sz(q) (ρ 0 ).
• q − 1 orbits of length q 2 each.
By definiton none of the q 2 (q − 1) involutions are fixed by I, which involves that for every possible
So |I(ρ 1 )| = q 2 for every possible ρ 1 . We can conclude that the length of an orbit under the action of C Sz(q) (ρ 0 ) of ρ 1 is q 2 . So C Sz(q) (ρ 0 ) splits the q 2 (q − 1) involutions in q − 1 orbits of length q 2 each. After having applied Inn (AGL(1,q) ) on the involutions that are non commuting with ρ 0 , there are q − 1 choices left for ρ 1 . We have seen that the outer automorphisms do not fix ρ 0 and ρ 2 at the same time. Since we want both these involutions to be fixed, we cannot apply an outer automorphism in this case. So we have q − 1 choices for ρ 1 .
Finally we get that in Sz(q) we have q−2 2e+1 (q − 1) ordered triples of involutions [ρ 0 , ρ 1 , ρ 2 ] up to isomorphism such that (ρ 0 ρ 2 ) 2 = 1 Sz(q) and ρ 0 , ρ 1 , ρ 2 = Sz(q).
So we obtain q−2 2e+1 (q − 1) possibilites for choosing a triple of ordered involutions in Sz(q) up to isomorphism. Since ρ 0 and ρ 2 are commuting and have the same property, we can exchange them. In fact, it is known that the polytopes yielded by [ρ 0 , ρ 1 , ρ 2 ] and by [ρ 2 , ρ 1 , ρ 0 ] are dual. Some authors consider dual polytopes to be different, other ones consider them to be the same. In this article we suppose dual polytopes to be equal. Therefore we have to divide the number of possibilities by 2, which gives us q−2 2(2e+1) (q−1) triples of involutions {ρ 0 , ρ 1 , ρ 2 } up to isomorphism such that (ρ 0 ρ 2 ) 2 = 1 Sz(q) and ρ 0 , ρ 1 , ρ 2 = Sz(q).
In other words, we get the following theorem.
Theorem 2.
A given Suzuki group Sz(q) with q = 2 2e+1 and 2e + 1 prime, acts on q−2 2(2e+1) (q − 1) polyhedra up to isomorphism.
q = 2 2e+1 with 2e + 1 not prime
Now we have q = 2 2e+1 with 2e + 1 not prime. We are in the same situation as above section 5.1.1. STEP 1 gives us only one choice for ρ 0 .
STEP 2
We want to know how many orbits of ordered pairs of involutions [α 1 , α b ], with α b ∈ Ω there are under the action of Aut(AGL (1, q) ). Let H := Aut(AGL(1, q)) α 1 = {σ n | n = 2 m , m = 0, · · · , 2e}.
Since now 2e + 1 is no longer prime, the orbits yielded by the automorphisms may have other length than 1 and 2e + 1. In fact they can have any length n with n | 2e + 1. So first we have to find the number and length of orbits yielded by H.
Let Ω be the set of involutions of AGL(1, q). Let λ(n) be the number of orbits of length n under the action of H on Ω. To determine λ(n), we use the Möbius function.
Definition 2. The Möbius function is the function µ on the positive integres given by
The Möbius function has the following well known important property.
Lemma 6. Let F and G be functions on the positive integers. If
and conversely.
Using this definition and this lemma, we get the following Lemma 7. With the notations as above,
Proof. By the definiton of λ there are for every d | 2e + 1, λ(d) orbits of length d. This means that in every of the λ(d) orbits are exactly d elements. If we sum up d · λ(d) for every d | n we get all the elements, that are split up in orbits of length < n. So in fact we get all the elements of GF (2 n ). Since there are 2 n elements in GF (2 n ), we have the following
If we take
and apply Lemma 6, we get
To get the final number of orbits, we have to sum up all the orbits for n | 2e + 1, n = 1. We do not want n = 1 , because we have stated that the only elements of AGL (1, q) , that are in orbits of length 1 are 0 and 1. Sine 0 is not considerated and since ρ 0 is already fixed in 1, ρ 2 has to be chosen from the elements other than 0 and 1, so also from the orbits of length = 1.
This gives us the possibilities of choosing a couple of involutions [ρ 0 , ρ 2 ].
STEP 3 To choose ρ 1 we cannot apply exactly the same argument as in section 5.1.1. We can start with this argument. In STEP 3 we fix the two involutions ρ 0 and ρ 2 . This can be done by the automorphism group C Sz(q) (ρ 0 ). By applying the same computation as in the case 5.1.1, we get that there are, up to isomorphism, at most q − 1 choices for ρ 1 .
However this time the stabilizer of ρ 0 and ρ 2 in Aut(Sz(q)) is not necessarly C Sz(q) (ρ 0 ). Let us illustrate this with the following example. This shows that the q − 1 choices for ρ 1 have to be reduced in certain cases, depending on ρ 2 . Indeed if we pick ρ 2 in an orbit of length < 2e + 1, then the stabilizer of ρ 0 and ρ 2 will be a proper overgroup of C Sz(q) (ρ 0 ). This latter subgroup will fuse some of the q − 1 orbits of length q 2 together. Lemma 8. If the two involutions ρ 0 and ρ 2 are in a subgroup GF (q ) = GF (2 s ) of GF (q) = GF (2 2e+1 ), then there are exactly 2e+1 s automorphisms that fix both involutions, but not ρ 1 .
Proof. Suppose the two involutions are in a subgroup GF (q ) = GF (2 s ) of GF (q) = GF (2 2e+1 ).
Without loss of generality, we may assume that ρ 0 ∼ = 1 and ρ 2 ∼ = i q−1 q −1 . We have that σ n fixes 1 for every n. Let us find the conditions on n = 2 m for σ n to fix ρ 2 .
The last equality is true if and only if (2 m − 1) is a multiple of q − 1, i.e. iff
This is the case if and only if m is a multiple of s. Indeed,
This proves one direction.
This gives us that m − s is a multiple of s, which means that m is a multiple of s. This proves the other direction.
We must not forget that we also have the condition m < 2e + 1. So there are 2e + 1 s possible automorphisms that fix both involutions.
To obtain the number of ordered triples of involutions [ρ 0 , ρ 1 , ρ 2 ], we cannot just multiply the number of possibilities for [ρ 0 , ρ 2 ] by a fixed number of possibilities for ρ 1 . In fact, since it depends on ρ 2 (ρ 0 is always fixed in 1), we have to multiply every single λ(n) by the corresponding possibilities for ρ 1 .
Lemma 9. Let ψ(n) be the possibilities for choosing ρ 1 , if we have λ(n) possibilities for ρ 2 . We have the following
Proof. If there are λ(n) possibilities for choosing ρ 2 , then ρ 2 is in an orbit of length n | 2e + 1.
This group S acts on the q 2 (q − 1) involutions in Sz(q) \ C Sz(q) (ρ 0 ), which are the ρ 1 candidates. Up to conjugacy, we know that these q 2 (q − 1) involutions are in q − 1 orbits of length q 2 . What remains, is to determine the action of the and apply Lemma 6,
Hence we have α(m) involutions that are split up in orbits of length m. This gives us
orbits of m · q 2 involution-candidates for ρ 1 . We know that every ρ 1 -candidate has to be in exactly one orbit of length m with m | 2e+1 n . Involutions, that are in a same orbit are equivalent by isomorphism. So to get the complete number of ρ 1 -candidates, once ρ 2 is fixed in an orbit of length n, we have to count the number of orbits, in which the q 2 (q − 1) involutions of Sz(2 2e+1 ) \ C Sz(q) (ρ 0 ) are split up, for a fixed n. We get the complete number of orbits, if we sum up all the As in section 5.1.1 this number has to be divided by 2 and so we get
triples of involutions {ρ 0 , ρ 1 , ρ 2 }, up to isomorphism. However, by reasoning like this, we forget one thing. Since 2e + 1 is no longer a prime, Sz(q) has subgroups that are Suzuki groups too. In section 3 we have seen that Sz(q ) with q = s is a subgroup of Sz(q) with q = 2e + 1 if s|2e + 1 and s > 2. Take an example, say Sz(2 15 ), to illustrate this idea.
Example 2.
Div(15) = {1, 3, 5, 15}
Applying Lemma 7, we get that there are 2 orbits of length 3, 6 of length 5 and 2182 of length 15. Our formula found above gives us
So we have 35788185 triples {ρ 0 , ρ 1 , ρ 2 }, up to isomorphism. We know that Sz(2 3 ) and Sz(2 5 ) are subgroups of Sz(2 15 ). Therefore some triples will not generate Sz(2 15 ), but Sz(2 3 ) or Sz(2 5 ).
So we have to subtract these triples from all the triples of involutions, we have found. Since 3 and 5 are prime, we can use the formula from section 5.1.1 to compute theses triples of involutions. We shall introduce a new notation:
So we get here
So, for Sz(2 15 ) we get 35788085 triples of involutions {ρ 0 , ρ 1 , ρ 2 } such that (ρ 0 ρ 2 ) 2 = 1 Sz(2 15 ) , ρ 0 , ρ 1 , ρ 2 = Sz(2 15 ). This means that Sz(2 15 ) acts on 35788085 polytopes, up to isomorphism.
This example shows clearly that (1) is not our final result. For the moment, the only thing we have is the following lemma.
Lemma 10. For a given q = 2e + 1 with e a positive integer, there are So we see that we find exactly the same formula as in section 5.1.1.
To obtain our final formula we have to subtract from the formula in Lemma 10 the number of triples of involutions which generate a sub-Suzuki-group of our given Suzuki group. This formula will again be obtained by using the Möbius function and Lemma 6.
Indeed, as Lemma 10 states,
Let us take F (d) = Inv(2 d ) and G(2e + 1) = 1 2 n|2e+1 n =1 λ(n)ψ(n)
We want Inv(2 2e+1 ), that is F (2e + 1). So we can apply Lemma 6 and we get
λ(n)ψ(n)
So we have 1 2
triples of involutions {ρ 0 , ρ 1 , ρ 2 } up to isomorphism such that (ρ 0 ρ 2 ) 2 = 1 Sz(q) and ρ 0 , ρ 1 ρ 2 = Sz(q).
Finally we get our theorem.
Theorem 3. A given Suzuki group Sz(q) with q = 2 2e+1 and e ≥ 0, acts on 
